Intensity correlations and noise reduction are observed and characterized in the broadband supercontinuum generated by spatio-temporal solitons propagating in air, i.e. in filamentation of ultrashort laser pulses. Large correlations and reduction of the laser noise are observed already at the first steps of the filamentation process, while further propagation results in cascaded (3) broadening processes and yield complex correlation maps. The spectral range yielding an optimal laser noise reduction of 3.6 dB is found to cover 10 nm around the fundamental wavelength.
Introduction
wavelengths 0 and ' 0 , which are converted into a pair of photons at the conjugated wavelengths 1 and 2 , for which the energy conservation imposes 1/ 0 + 1/ ' 0 = 1/ 1 + 1/ 2 .
Both SPM and FWM result in typical correlation maps within the spectrum at the exit of the fiber. The wavelengths within the side of the continuum appear anticorrelated with the incident one, while pairs of conjugated wavelengths are strongly correlated [1] . Such correlation maps are very well reproduced by numerical simulations in optical fibers [11] .
These simulations also show that photons originating from (3) broadening can in turn undergo subsequent cascaded (3) -induced events. The resulting depletion of the corresponding wavelengths results in a more complex correlation map within the continuum [12] . This process occurs at further propagation distances and higher pulse energy, i.e. for higher order solitons. For sufficiently short pulses, phase correlations have been observed within the continuum, i.e. the continuum has a high coherence [13, 14] , although such phase correlations are beyond the scope of the present work.
Although remaining in the classical domain, intensity correlations within the white-light continuum, as well as laser noise compression, have also recently been observed in the case of spatio-temporal solitons, namely self-guided filaments generated in the air by high-power, ultrashort laser pulses [15] . Filaments [16] arise in the non-linear propagation of ultrashort, high-power laser pulses in transparent media. They result from a dynamic balance between Kerr-lens focusing and defocusing by self-induced plasma generation. In the atmosphere, filaments have been observed over several hundreds of meters, up to a few kilometers away from the laser source [17] . They can be generated and propagated even in perturbed conditions such as clouds [18] or turbulence [19] . These properties open the way to atmospheric applications [20] , such as Lidar remote sensing, Laser-induced breakdown spectroscopy (LIBS) [21] , lightning control [22] and free space communications. For example, high sensitivity multi-pollutant detection with a "white-light lidar" [20] would greatly benefit of a reduced shot-to-shot noise on the supercontinuum intensity due to the recently observed noise reduction [15].
As described above, the generation of the supercontinuum originates from cascaded
events. At the beginning of the process, the fundamental radiation 0 generates photon pairs at 1 and 2 , such that 2 0 = 1 + 2 . However, once the continuum intensity is sufficient, the generated wavelengths in turn can undergo four-wave mixing. Therefore, a given wavelength can be generated through a large number of pathways and correlations within the spectrum may be reduced or even lost after some propagation distance.
In this paper, we extend the previous experimental results [15] by investigating the build-up and the evolution of correlations observed within the spectrum of the white-light continuum, with propagation and for increasing beam power. These results are compared with simple simulations based on SPM. Moreover, the influence of the integration window within the spectrum of the supercontinuum is investigated, providing an optimal filtering scheme for laser noise reduction in laser filaments.
Experimental setup
The experimental setup is depicted in Figure given distances z comprised between 2 and 12 m, the beam was scattered on a spectrally neutral target, and the light was collected with a fiber into a spectrometer providing 0.3 nm resolution between 725 and 900 nm. In each experimental condition, 5000 spectra were recorded, normalized to 1 and used to compute the cross-correlation map of the intensity fluctuations across the spectrum. The correlation between two wavelengths 1 and 2 , was calculated as:
where V(x) is the variance of variable x and n i the photon number (or, equivalently, the intensity), at the wavelength i . Further propagation of the filament (Figure 2c ) results in a more complicated structure of the correlation map, with stripes of positive and negative correlations appearing around the fundamental wavelength. These stripes are due to the typical oscillatory structure of the supercontinuum generated by (3) broadening, which results from the beating of the waves generated at each wavelength in two slices of the pulse which have the same time derivative of the intensity [23] . After the filament end, the correlation map does not evolve anymore since the laser intensity is too low to allow further (3) broadening.
Results and discussion

Correlations of the intensity fluctuations
The same evolution is observed when the laser power is progressively increased while the measurement is performed at a fixed position downstream of the filament (z = 12 m, Figure   3 ). At low input beam power (1.3 mJ/pulse, i.e. 6.5 GW, only twice the critical power for filamentation in air [24] ), the pattern typical of a single-step SPM process (Figure 3a ) is observed. Increasing the laser power allows cascaded (3) broadening events resulting in much more complex patterns (Figure 3b , 9 GW), and even the disappearance of the correlation between conjugated wavelengths (Figure 3c , 16 GW). These complex patterns correspond to highly structured spectra of the continuum, as displayed under the correlation maps of Figure   3 .
These results show that intensity correlations within the spectrum of the white-light supercontinuum are generated in the course of self-guided filamentation. The absorption and (incoherent) scattering of light by the plasma which is generated within the filaments does not prevent correlations within the spectrum of the continuum. This is further confirmed by comparing the observed correlations maps (see e.g. Figure 2b ) with numerical simulations for temporal solitons (i.e. in fibers) performed by Schmidt et al.
[11]: Although they do not take ionization nor other higher order processes into account, these simulations yield the same characteristic pattern in which each wavelength is correlated with its conjugate but anticorrelated with the fundamental wavelength.
The agreement of these calculations with our experimental results is fairly good, although the spatial resolution of our experiment does not allow observing the longitudinal fluctuations of the correlation map. Moreover, according to the simulations, the square regions with positive correlation in Figure 2 , as well as the positive stripes within the negative correlation cross, stem from higher-order solitons. Now, we observe experimentally such patterns for high powers and/or long propagation distances, i.e. when cumulative broadening occurs.
To further assess the critical role of (3) broadening in the generation of correlations, we performed a simple simulation of the correlation map. Here, the propagation of the selfguided filament is not described in detail. Instead, only the effect of laser noise on SPM generation is considered. The initial electrical field is defined by its carrier frequency and envelope:
where t = T -z / c is the reduced time, T is the absolute time, z is the position along the propagation axis, c is the velocity of light, 0 the frequency of the carrier wave, and the pulse duration. The envelope E t ( ) = E 0 exp t 2 2 2 ( ) is used to compute the dephasing z,t ( ) due to Kerr effect after a propagation distance z for each temporal slice of the pulse:
where n 2 is the non-linear refractive index (n 2 = 4 10 -19 cm 2 /W in the air at 800 nm [25] ). A Fourier transform of the deformed carrier yields the resulting spectrum. To simplify the calculation, we consider that the intensity within the filament is strictly clamped for a given shot [26] , so that the SPM-generated spectrum can be calculated within one iteration.
We The calculated results are very similar to the experimental ones, showing that the dominant process is actually SPM and that the ionization does not jeopardize the correlations in spite of its higher order nonlinearity and lack of coherence (as ionization is not taken into account).
Note that the large regions of positive correlation away from the fundamental wavelength stem from the fact that, away from the oscillatory spectrum around the fundamental, both wings of the continuum are generated simultaneously, all the more efficiently that the incident intensity is higher.
Laser noise reduction
The occurrence of correlations within the spectrum allows us to expect noise reduction for adequately selected spectral regions. We have recently reported a laser noise reduction of be achievable using filaments, we sought for an optimal filter, restricting ourselves to square bandpass filters within the 750 -880 nm spectral range, and considering experimental data with 6.5 GW peak power, corresponding to Figure 2 . The spectral range yielding maximal noise reduction is 809-819 nm, i.e. centered on the incident laser wavelength (815 nm). This range is independent of the propagation distance within the filament. The noise reduction over this optimal spectral range increases from 0.69 dB shortly after the filament onset, to 3.6 dB at the filament end. This value is three times more than reported in [15] . Moreover, it is comparable with the squeezing observed in fibers after correction for the detection losses (e.g., 4.1 dB in microstructured fibers [27] and 3.2 or 3.7 dB for classical fibers [28, 29] ), although in our experiment the conditions are far from sub-shot noise. Therefore, soliton propagation in laser-generated self-guided filaments can be expected to be a good candidate for laser-noise reduction.
Conclusion
As a summary, we have characterized the correlations of the intensity fluctuations and the noise reduction observed in the broadband supercontinuum generated by spatio-temporal solitons propagating in air (filamentation). Large correlations and reduction of the noise is observed already at the first steps of the filamentation process, before multi-step
broadening. Multi-step (3) broadening results in more complex correlation patterns without reducing the maximum correlation values. An optimal noise squeezing of 3.6 dB is obtained for a 10 nm wide spectral range centered on the fundamental wavelength. (c) 
